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Linear algebra exam - first part (v1)
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is the correct
one. You can do the exercises in the order you prefer: notice that it is possible
to solve any of the points, even without having solved the previous ones.
1) Consider the following linear system in the real unknowns x, y, z, t
3y + 2z − 10t = 10
x+ 2y + z = 0
2x+ y + 10t = −10
and denote with A the coefficient matrix.
(a) Is v = (−13, 6, 1, 1) a solution of the system? Explain why.
(1 point)
(b) Find the general solution of the system and three particular solu-
tions. (3+1 points)
(c) Is it possible to find a vector b ∈ R3 such that the system Ax = b
is impossible? If the answer is yes find such a b, if it is not explain
why. (3 points)
(d) Add to the above system equations (as many as necessary) such
that the resulting system has only one solution and find it. (2
points)
(e) Is the above system equivalent to the following one? Explain why.
(1 point) 
1 1 1 1
0 1 1 −1
0 0 −2 0
0 0 0 5


x
y
z
t
 =

0
0
0
0

2) Consider the real matrices
P =

1 2 −1 1
1 1 −1 2
1 −1 1 2
1 1 1 2
 , Q =
 2 2 2−1 −1 −1
−1 −1 0
 .
(a) Compute the determinant of P and find an order 3 matrix N such
that detP = detN . (2+0.5 points)
(b) Write (0, 1, 1, 1) as a linear combination of the columns of P . (2
points)
(c) Compute Q ·QT . Is it singular? Explain why. (2+0.5 points)
(d) Find a vector w ∈ R3 that does not belong to C(Q) and normalize
it. (2 points)
(e) Find a non zero vector u ∈ R3 that belongs to R(Q)⊥. (2 points)
3) Consider the following matrix with real coefficient
A =

−1 0 1 −1 0
3 1 λ 0 −1
2 1 λ+ 1 −1 0
−6 −2 1− λ 0 2
 .
(a) Compute the dimension of the four subspaces associated to A,
depending on λ ∈ R. (3 points)
(b) For λ = 0 find a basis of N (A). (2 points)
(c) For λ = −1 compute a minimal parametric representation and a
minimal Cartesian representation of C(A). (1+2 points)
(d) Fix λ = 1. Find a matrix B ∈ R5×5 having the same row space of
A and a matrix C ∈ R4×4 having the same column space of A.
(1+1 points)
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Linear algebra exam - first part (v2)
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is the correct
one. You can do the exercises in the order you prefer: notice that it is possible
to solve any of the points, even without having solved the previous ones.
1) Consider the following linear system in the real unknowns x, y, z, t
2y + 3z − 10t = 10
x+ y + 2z = 0
2x+ z + 10t = −10
and denote with A the coefficient matrix.
(a) Is v = (−13, 1, 6, 1) a solution of the system? Explain why.
(1 point)
(b) Find the general solution of the system and three particular solu-
tions. (3+1 points)
(c) Is it possible to find a vector b ∈ R3 such that the system Ax = b
is impossible? If the answer is yes find such a b, if it is not explain
why. (3 points)
(d) Add to the above system equations equations (as many as neces-
sary) such that the resulting system has only one solution and find
it. (2 points)
(e) Is the above system equivalent to the following one? Explain why.
(1 point) 
1 1 1 1
0 1 1 −1
0 0 −2 0
0 0 0 5


x
y
z
t
 =

0
0
0
0

2) Consider the real matrices
P =

1 1 1 2
1 1 −1 2
1 2 −1 1
1 −1 1 2
 , Q =
 −1 −1 0−1 −1 −1
2 2 2
 .
(a) Compute the determinant of P and find an order 3 matrix N such
that detP = detN . (2+0.5 points)
(b) Write (1, 1, 0, 1) as a linear combination of the columns of P . (2
points)
(c) Compute QT ·Q. Is it singular? Explain why. (2+0.5 points)
(d) Find a vector w ∈ R3 that does not belong to C(Q) and normalize
it. (2 points)
(e) Find a non zero vector u ∈ R3 that belongs to R(Q)⊥. (2 points)
3) Consider the following matrix with real coefficient
A =

3 1 λ 0 −1
−1 0 1 −1 0
−6 −2 1− λ 0 2
2 1 λ+ 1 −1 0
 .
(a) Compute the dimension of the four subspaces associated to A,
depending on λ ∈ R. (3 points)
(b) For λ = 1 find a basis of N (A). (2 points)
(c) For λ = −1 compute a minimal parametric representation and a
minimal Cartesian representation of C(A). (1+2 points)
(d) Fix λ = 0. Find a matrix B ∈ R5×5 having the same row space of
A and a matrix C ∈ R4×4 having the same column space of A.
(1+1 points)
